We outline the duality between the extraordinary magnetoresistance (EMR), observed in semiconductor-metal hybrids, and non-symmetric gravity coupled to a diffusive U (1) gauge field. The corresponding gravity theory may be interpreted as the generalized complex geometry of the semi-direct product of the symmetric metric and the antisymmetric Kalb-Ramond field: (gµν +βµν ). We construct the four dimensional covariant field theory and compute the resulting equations of motion. The equations encode the most general form of EMR within a well defined variational principle, for specific lower dimensional embedded geometric scenarios. Our formalism also reveals the emergence of additional diffusive pseudo currents for a completely dynamic field theory of EMR.
I. INTRODUCTION
Since the advent of the AdS/CFT correspondence of string theory [1] , the implementation of gravity duality theories has seen a plethora of use for applications ranging from black hole thermodynamics in quantum gravity to phase transitions and their critical temperatures in condensed matter. The general idea of mapping quantum strong-coupling problems to a weakly coupled gravity theory, where perturbative methods and/or analytic approaches are feasible, has spawned a relatively new paradigm in condensed matter physics [2] .
The critical phenomena related to phase changes in strong coupling theory map back to black hole thermodynamic properties of specific solution spaces of the dual gravity theory. This permits the application of known perturbative techniques of a higher dimensional gravity theory in situations where field-theoretic or numerical methods fail for specific time-domains and/or critical temperatures. Conversely, certain classes of black hole solutions exhibit asymptotic two dimensional chiral conformal symmetries which generate their near-horizon structures. These symmetries allow for the computation of certain quantum gravitational properties of the respective black hole within known renormalizable CFT techniques, thus circumventing the ultraviolet behavior of four dimensional general relativity.
The discovery of the extraordinary magnetoresistance (EMR) effect in hybrid semiconductor-metal structures when cast in the framework of action integral formulation provides another venue towards the realization of the gravity-condensed matter interrelation. Though we should be careful with use of the word gravity, as our construction is not a traditional CFT/gravity correspondence; however, the interrelation described in this work * sathwik@wpi.edu † lrram@wpi.edu ‡ rodriguezl@grinnell.edu § rodriguezs@grinnell.edu is geometric in nature and not stringently motivated by a string theory in its low energy limit. The construction originates from the semiconductor side of the duality and thus is not contingent on or constrained by gravity, but is rooted in specific semiconductor experimental constructs and results. In this sense, we are reversing the usual arguments and motivation by starting from a concrete, experimentally observed example of magnetoresistance. The geometric nature of the correspondence is realized from the previous theoretical developments. In this setting, the conductivity tensor is seen to behave similar to a metric deformation of a generalized geometric (Courant) algebroid [3] , a formalism which studies the Lie algebra of smooth sections consisting of direct sums of vectors and co-vectors on smooth manifolds. Following [4] and [5] on generalized geometry, we are able to construct a full dynamical theory of all constituent fields of the EMR effect. This bottom-up dual description provides a fundamental alternative to the inter-relation between condensed matter and CFT/gravity. This approach lends itself to a deeper insight with potentially new physical phenomena and properties yet to be discovered. The new action and field equations we have proposed here are being analyzed by us to explore the geometric optimization of the EMR effect, and will be reported as a separate article.
II. GENERALIZED GEOMETRIC EMR DUALITY
It has been shown experimentally [6] that semiconductor thin films with metallic inclusions display EMR at room temperature, with remarkable enhancements as high as 100-750000 % at magnetic fields ranging from 0.05 to 4 T . In the four-probe Hall measurements, the current through the device is held fixed while the voltage difference is measured across ports 3 and 4, as in Fig.1 
FIG. 1: A semiconductor wafer with a concentric metallic disk at the center is shown in Fig. 1a . In Fig. 1b The 4-probe van der Pauw arrangement is displayed with current I entering through port 1 and exiting through port 2. The contacts at ports 3 and 4 are used to measure the voltage drop across the device.
(After Ref. [7] ).
through the metal-semiconductor hybrid structure, using Ohm's law we obtain [V (3) − V (4)] H = IR(H). Thus the MR is measured by measuring the voltage difference across the device. The experiments were initially performed on a composite van der Pauw disk of a semiconductor matrix with an embedded metallic circular inhomogeneity that was concentric with the semiconductor disk. A similar enhancement has been reported [8] for a rectangular semiconductor wafer with a metallic shunt on one side. The rectangular geometry with four contacts can be shown to be derivable from the circular geometry by a conformal mapping [9] . Magnetic materials and artificially layered metals exhibit the so-called giant magnetoresistance (GMR), and manganite perovskites show colossal magnetoresistance (CMR). However, patterned nonmagnetic InSb shows a much larger geometrically enhanced extraordinary MR even at room temperature. This has significant advantages in device design.
A. Condensed Matter Sector
The MR can be calculated based on a diffusive currentfield relation,
where J , E and σ are the usual current density, electric field and conductivity. In the presence of an external (constant) magnetic field H = β/µ (where β is the magneto-conductivity and µ is the carrier mobility) the conductivity tensor in three dimensional Cartesian coordinations takes the form:
where σ 0 is the intrinsic conductivity in the presence of zero external magnetic field. In 2D, with H =ẑH and β z = µH, we can reduce Eq. (2) to
where only the 2D (x and y) components are present. A fast, robust and convergent variational approach for calculating the EMR for specific geometric cases in 2D and 3D structures has been developed through the variation of the action integral within the framework of finite element analysis [7, 10, 11] . Taking a divergence on both sides of Eq. (1) and using the current continuity condition
where ∇ denotes the three dimensional div operator, we obtain the scalar field equation
where E = −∇ϕ and ϕ is the electric scalar potential. The action integral corresponding to Eq. (5) is given by:
where we have introduced index notation, and Einstein summation convention is used throughout this paper for repeated indices omitting the summation symbol. Latin indices will be reserved for spacial components and run from 1, 2, 3, while greek indices will run from 0, 1, 2, 3; where 0 denotes the temporal component. In the case of a 4-probe Hall measurement, to measure MR in a composite structure, two additional surface terms are added to the action functional to specify the incoming and outgoing currents.
Looking at Eq. (6), we see that by recasting our initial diffusive equation into a variational form, the conductivity tensor now plays the role of a matrix encoding geometry, commonly referred to as the inverse metric of the gravitational field [12, 13] . We can now proceed with a functional variational approach to geometric optimization by constructing an appropriate action involving the conductivity tensor given in Eq. (2) .
DenotingG ij as the inverse of Eq. (2) we see that
where g ij is the 3D metric (equal to the Kronecker delta in the specific Cartesian case), and
Further, we wish to recast Eq. (6) into a covariant form (invariant under general coordinate transformations). First, we introduce the electromagnetic field curvature tensor, which in Cartesian coordinates is given by
and relates to the gauge-field four vector potential A µ = (−ϕ, A), which is a combination of both the electric scalar (ϕ) and magnetic vector (A) potentials in a four vector formalism, via
Clearly,
where k ij is the totally antisymmetric permutation symbol:
Next, we introduce the four dimensional inverse conductivity tensorG µν = (1/σ 0 ) [g µν + β µν ], whereG ij is as defined in Eq. (7), and the added temporal components areG
and the inverse condition reads:
Hence, following from Eq. (2), (7) , (14) we havẽ
and 
where λ is an arbitrary coupling to be determined by requiring Eq. (17) to reduce to Eq. (6) in the steady state and g = det (g µν ). To see this, we may expand Eq. (17) in steps (µ and ν first), yielding
The middle term vanishes due to the definitions in Eq. (11) and Eq. (13) and the above equation to reduces to
Next, expanding in α and β we obtain
which, again implementing previous definitions, simplifies to:
Now we can solve the parameter λ by enforcing the above equation to reduce to Eq. (6) in the steady state (B i = 0) and where −∂ i ϕ = E i , thus yielding:
B. Geometric Sector
The overarching goal is to optimize shape or geometry of the metallic insulator/semiconductor such that we obtain desired enhancements to the EMR. This can be best accomplished within an action principle, where the functional variation of the action yields the Euler-Lagrange equations whose solutions are stationary points. The task now is to construct an appropriate action functional for the fields that determine the geometric shape of the previous sections. As mentioned in the introduction and from Eq. (7) and (15) we recognize/interpretG µν as a metric deformation of a generalized geometric structure (algebroid) [4] . In other words,G µν is the weighted sum of two fields, g µν which is symmetric and defines geometry, and β µν which is antisymmetric and encodes the components of the external magnetic field. The remaining task now is to construct an action forG µν by looking to string theory as a guide, and implementing techniques of generalized geometry as reviewed in Appendix A.
For simplicity and continuity with Appendix A, we will begin with a general metric-deformation given by
where g µν is a symmetric Riemannian metric and β µν is akin to the anti symmetric Kalb-Ramond field of string theory. [14] By Riemannian metric, we imply a metric g µν that is covariantly constant:
with respect to the covariant derivative ∇ α , such that:
In other words, for auto parallel transport of some vector A µ across some smooth manifold, the respective change in A µ is measured by the Levi-Civita connection coefficients Γ β αµ , determined by its Christoffel variant:
Thus from Eq. (25), we see that the covariant derivative ∇ α A β = ∂ α A β + Γ β αµ A µ is symmetric with respect to general diffeomorphisms. [15] The Kalb-Ramond field can simplistically be interpreted as a rank two antisymmetric gauge-field potential, β µν = −β νµ , with curvature field strength given by its exterior (completely antisymmetric) derivative:
This is analogous to the electromagnetic field strength tensor (see Eq. (11)) F µν = ∂ µ A ν − ∂ ν A µ , coming from the exterior derivative of the rank one gauge-field potential A µ . After constructing the action for G µν it will be a simple exercise to determine the action forG µν by conformally transforming the action for G µν . The Euler-Lagrange equation of motion for a generalized geometric metric is known from gravity theory/string theory as the Einstein equation which is stationary for the respective Einstein-Hilbert action [16] given by
This is the main result of Appendix A, where 1/2κ 2 is an arbitrary coupling, R is the Ricci scalar curvature of the general metric connection ∇ G (here ∇ without a vector symbol denotes the covariant derivative connection) and reads
R LC above is the Ricci scalar determined by the Levi-Civita connection coefficients of Eq. (26), such that:
and H is determined in Eq. (27) in terms of the Kalb-Ramond field β µν . Looking back at Eq. (7) we see that the case for the diffusive current field relation is actually a conformally scaled version of G, i.e.,
where ψ is an arbitrary function, e 2ψ is a general conformal factor and in our case e 2ψ0 = 1/σ 0 . Under the above generalized conformal transformation we have
and thus Eq. (28) becomes
up to total derivative terms. Again, from Eq. (7) the above action simplifies drastically for ψ → ψ 0 and Eq. (33) becomes
C. The Total Action
Collecting results Eq. (17) and Eq. (34) we have the total action
There are three equations of motion obtained by performing functional variations with respect to g µν , A µ and β µν . Implementing the functional variational relationships
we obtain the following field equations:
where F 2 σ = σ µν σ αβ F µα F νβ . Equation (38) above is identical (or encodes) Eq. (4) and Eq. (5) for B i = 0, however now includes additional dynamics for the possibility of non-zero internal magnetic field. In total we have now enhanced the EMR geometric optimization problem to four field equations above. They all are coupled partial differential equations containing geometry (g µν ), electromagnetism F µν and external magnetic field β µν . In the limiting case for constant g µν and β µν all the curvature terms involving R µν and H µνα are identically zero and Eq. (37) and Eq. (39) reduce to the on-shell condition of Eq. (6).
D. Current Density Tensor
The Maxwell equation Eq. (38) implies a conserved quantity:
and thus
The above tensor current is antisymmetric (J µν = −J νµ ) and in the constant g µν and β µν case:
where J i is the electric current in Eq. (1) and
where J k B is a pseudo-current and is a new dynamical feature of the EMR/Geometry duality, but identically zero for zero internal magnetic field B. The concept of second rank antisymmetric current densities induced by time independent internal magnetic fields was first considered and discussed in [17] . A more recent exposition [18] shows that these antisymmetric current densities are fundamental features of materials with internal magnetic fields such as nuclear dipole moments, and in conjunction with magnetizability, nuclear magnetic shielding and spin-spin coupling fully characterize magnetic perturbation responses. A similar analogy can be drawn for our consideration as well, since the pseudo-current here originates from the internal magnetic field. We present a fundamental origin of these currents, within a well defined symmetry principles and the action integral framework.
E. (2 + 1)-Action Ansatz and Equations of Motion
We are interested in applying our new EMR formalism to a similar scenario as analyzed in [7, 11] . We will need to perform a dimensional reduction to the total action of Eq. (35) to 2 + 1 dimensions, in conjunction with a cylindrical coordinate choice as in [7, 11] . We begin with our symmetric Riemannian metric ansatz, given by:
where is an arbitrary length scale. The generalized metric takes the form:
where we have performed a cylindrical coordinate transformation to Eq. (8), while setting β z = constant and β x = β y = 0, to coincide with the scenario of [7, 11] . For these above choices, we have H = 0 identically and the conductivity tensor takes the form:
and we make the final ansatz choice for the U (1) gauge field to be given by:
Next, we will perform a dimensional reduction of the action Eq. (35) from (3+1) dimensions to (2+1), by integrating out z from zero to some arbitrary length (height) scale L. This is a convenient choice, since none of the fields in our theory have explicit z dependence and thus all curvature invariants in Eq. (35) are identical in terms of our ansätze f (r), ψ(r) and ϕ(r). Thus the dimensionally reduced action is identical in form to Eq. (35) modulo an overall factor of L:
and in terms of the (2 + 1) = (3) dimensional invariants generated by the effective fields:
and σ µν
The dimensionally reduced action has two general equations of motion; the Einstein field equations, which come from variation with respect to g µν (3) and the Maxwell equations, which come from variations with respect to A 
A general solution to the above dimensionally reduced action and resulting equations of motion is currently in progress using numerical techniques within the finite element analysis paradigm [11] , with results to follow in a forthcoming manuscript [19] . However, for now (and for a proof of concept) we consider a pure simplistic geometry mimicking the device geometry depicted in Fig. 1 , for which:
and solve the dimensionally reduced action integral with the above assumptions within the framework of finite element analysis [11] . The device geometry is discretized into a refined finite element mesh. Within each element, we express the potential function as a linear combination of Hermite interpolation polynomials multiplied by as-yet undetermined coefficients. Using the principle of stationary action, variation of the action integral with respect to these undetermined coefficients results in a set of linear equations, which are then solved using sparse matrix solvers. In Fig. 2a and 2b , we plot the potential function obtained for the two cases with the applied magnetic field B = 0 T, and B = 0.5 T, respectively. We note that a non-zero magnetic field will significantly decrease the amount of outgoing current. In Fig. 2b , we see that the potential is distributed throughout the device geometry while compared to Fig. 2a , where it is concentrated around the ports. Hence, the magneto-resistance increases significantly with the applied magnetic field. The EMR will be very sensitive to the position and width of the voltage and current ports, and more importantly to the device geometry.
III. CONCLUDING REMARKS AND OUTLOOK
Here, we have recognized the existence of a metric deformation of a generalized geometric structure for the magnetoconductivity tensor, that arises in the diffusive The color coding from blue to pink represents the variation of the potential from negative to positive values.
model for the current-electric field relation. We have derived a new action integral and the corresponding field equations which encode contributions from the con-densed matter and the geometrical sector. This is a bottom-up dual description which provides a fundamental alternative to the inter-relation between condensed matter and CFT/gravity. Though we have motivated this approach through the EMR effect, our approach is very general since we begin with the basic current continuity condition. This should be of interest for a variety of geometrical and material optimization problems with semiconductor-metal hybrid structures in inhomogenous magnetic fields for wider device applications such as magento-sensors, readheads, and the like.
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Appendix A: Generalized Geometry Redux
This section is not intended to provide a full pedagogical introduction to the generalized geometry formalism, but is included for completeness and to demonstrate where the geometric sector action functional Eq. (34) originates from. For a comprehensive educational introduction we refer to the dissertation works of Gualtieri [3] and Vysoky. [4] As mentioned before, the inverse of σ in Eq. (7) may be interpreted as the metric deformation of a generalized geometric structure (algebroid). [4] In this setting and following the notation of Ref. [4] and Ref. [5] we consider a general bundle E = T (M) ⊕ T * (M) of the manifold M, such that
• T (M) is the tangent bundle, and
• T * (M) is the co-tangent bundle.
Thus, a smooth section e ∈ Γ(E) is the direct sum e = X + ξ,
where X = X µ ∂ µ is a vector and ξ = ξ µ dx µ is a 1form. A natural pairing invariant under O(d, d) rotations, where d is the dimension of M, is given by
where i denotes the interior product. A bracket structure (similarly to a Lie bracket, but not identical) is given by the Dorfman bracket
where [, ] Lie is the standard Lie bracket between vectors, L is the Lie derivative and d is the exterior derivative, i.e.,
(A4)
Next, we define the anchor map a : E → T (M), as the projection a(e) = a(X + ξ) = X. 
where N : X µ → N µ ν X ν Diffeomorphism β : X µ → β µν X ν Kalb − Ramond field β * : ξ µ → β µν ξ ν Bivector N * : ξ µ → N ν µ ξ ν Diffeomorphism.
Given the above, a metric deformation may be introduced 
